Introduction
According to Kent and Noss, [1,p.8] mathematics 'is and will remain crucial' for engineering education. It is not clear, however, how the mathematical education of engineers should be organized. For example, the types of mathematical knowledge engineers need, changes of practice and education suggested by the advance of computer technology, or how and when mathematics should be taught, are still discussed in the literature. [1,p.8] Considering the increased use of computing technology, one issue with specific relevance for engineers concerns the balance between procedural fluency (or calculation skills) and conceptual insight in connection to mathematical work, not only in professional contexts but also during the education of engineers. This paper explores this issue by analysing interviews with two practising engineers where the focus was on their views on the relevance of procedural and conceptual aspects of mathematics in their work and in the education of engineers.
Background
In his review of studies on the use of mathematics in engineering workplaces, Alpers identified several categories that 'capture the way mathematical thinking or activities occur during the work on practical problems'. [2,p.3] One category concerns the contextual embedding of mathematical models, concepts and procedures; another involves a recognition that the operation of technological tools still requires understanding of mathematical notations and graphics; while another category points at an appreciation that mathematics is important and necessary but not sufficient for engineering design, where also 'engineering judgement' and 'sceptical reverence' are critical (cf. [3] ). A similar wide approach to the mathematical needs of engineers is found in [4] . In line with these views, the employers interviewed in the study by Kent and Noss express more emphasis on what they call an 'holistic' awareness of the mathematical needs for engineering work than on 'manipulative skill'. [1,p.9] Kent and Noss [1] conducted interviews with practicing engineers at industries and mathematicians teaching engineering mathematics. While the findings pointed to an extensive use of mathematical concepts, models and computing tools, the engineers did not do much routine calculation but needed to communicate mathematical ideas. This last issue has been addressed by other authors as well (e.g. [5] ). In an interview study of qualified mathematical science graduates, Wood [6] found that these graduates had to learn other mathematics than was taught in their education when employed, as well as more computing skills to meet workplace demands. According to Henderson and Broadbridge, [7] in an Australian context, most professional and academic engineers agree that engineers need a 'good grounding in mathematics', logic and problem solving. The authors raise a concern about a lack of confidence in using mathematics among many professional engineers.
In her survey on the views of academics, industry personnel and students in Australia on the essential generic and specialist skills and attributes of a modern engineer, Nguyen found that technical knowledge and skills, including knowledge about 'how to behave and operate within an organisation', [8,p.73 ] as well as attitudes, are essential. Together with the brief survey of the literature above, this points to the need to view the mathematical education of engineers in a wider perspective, including conceptually and procedurally oriented teaching and learning of mathematics, than with a focus only on mathematical content issues.
Conceptual and procedural approaches in mathematical work
At many universities, mathematics studies in engineering education begin with calculus and linear algebra courses, often taught at mathematics departments that treat their subject as valuable knowledge in its own right, rather than as a service subject for practical use outside mathematics. In this context, there is a strong tradition regarding the content of these courses as well as teaching approaches used [9] . However, even within this 'traditional' approach to mathematics teaching, there is a difference between taking a mainly conceptual or procedural approach. Teaching with a focus on conceptual understanding may start by providing a contextual basis for the new mathematical knowledge requiring students to connect to their prior knowledge. [10] Taking a more procedural approach, the lecturer may present definitions, notations and procedures without first providing meaningful contexts to concepts and methods involved.
While the distinction between these two aspects of doing, teaching and learning mathematics has prevailed, it has also been criticized. In mathematics education, this distinction between conceptual and procedural knowledge was much discussed in the 1980s, mainly within a psychological framework with reference to Piaget and mental schemes. Hiebert and Lefevre defined conceptual knowledge in mathematics as a connected network of knowledge in which 'the linking relationships are as prominent as the discrete pieces of information'. [11,p.3-4] As an example of conceptual knowledge, they note the construction of a relationship between the algorithm for multi-digit subtraction and knowledge of the positional place values of digits. [11] Procedural knowledge was defined by two parts, constituted by step-by-step procedures for solving mathematical tasks, on one hand, and knowledge of the symbolic representations used in such procedures, on the other hand. To be competent in mathematics, then involves not only of knowledge of concepts and knowledge of procedures but also of relations between these two types of knowledge. [12] Research suggests that there is a complex interplay between conceptual and procedural knowledge [13, 14] ; conceptual knowledge may influence or even become procedural with repeated exposure, while procedural knowledge may support the development of conceptual knowledge. [15, 16] Some authors see these two constructs as independent, [17] [18] [19] while others have emphasized dynamic and evolutionary aspects between them (e.g. [20] [21] [22] [23] ). Gray and Tall [24] coined the term 'procept' for an integrated knowledge of processes and concepts that is characteristic for successful learners of mathematics. Kieran [25] claims, however, that the distinction is a false dichotomy, with reference to the nature of algebraic symbols. Also, in the context of more advanced mathematics, Wu argues from a number of examples that 'in mathematics, skills and understanding are completely intertwined'. [26,p.2] In the context of mathematics in engineering education, the relation between conceptual and procedural approaches to solving mathematics tasks has been investigated within the larger project for the present study. That this relation is highly complex was illustrated by Engelbrecht, Bergsten and Kågesten, who found that first-year engineering students tended to 'proceduralize' tasks designed to have a conceptual focus, sometimes requiring "quite sophisticated mathematical work".[27,p.939] The study by Engelbrecht, Bergsten and Kågesten [28] on junior engineering students' achievement and views on conceptually versus procedurally focused mathematics tasks showed that the students considered procedural questions as more common in their mathematics curriculum, while conceptual (mathematical) questions were seen as more common in engineering subjects; they also expressed a higher confidence in their performance on the procedural tasks. However, both types of tasks were seen as relevant for their engineering studies. In [29] , strong correlations between performance and confidence for the procedural items for junior and senior students were found, while for the conceptual items, these correlations were much stronger for the senior than for the junior students. This points to an increased familiarity with the conceptual aspects of mathematics through its use in applied subjects throughout the education.
Methodology
This study is part of a collaboration project between two universities, one in South Africa and one in Sweden. We address various populations' -engineering students', lecturers' and practising engineers' -views on the role of mathematics in engineering education with a particular focus on conceptual/procedural approaches. In earlier parts of the project, we have problematized the distinction between conceptual and procedural approaches, [27] and surveyed junior (second year) and senior (fourth year) engineering students from both countries. [28, 29] In the overall project as well in this study, we use the following working definitions regarding the approach to the mathematical education of engineers (cf. [30] ): A conceptual approach includes translations between verbal, visual (graphical), numerical and formal/algebraic mathematical expressions (representations); linking relationships; and interpretations and applications of concepts (for example, by way of diagrams) to mathematical situations. A procedural approach includes (symbolic and numerical) calculations, employing (given) rules, algorithms, formulae and symbols.
The aim of this study was to explore views and arguments concerning the role of conceptual versus procedural aspects of mathematics in engineering work and education put forward by professional engineers. Twenty-five qualified engineers who are practising as actual engineers, engineers in managerial positions and university lecturers in applied (engineering) subjects were interviewed. [31] We selected experienced engineers who had initial training as engineers at academic universities and were from a range of engineering areas, using a combination of convenience and snowball sampling (see [32,p.100]).
The research question, How do professional engineers view the relevance and role of conceptual and procedural mathematical skills in the education and practices of engineers?, was used as a guide to structure the interviews and the analysis of the interview protocols.
In this paper, we report, as a case study, in some detail from two of these interviews [see [31] for the full results from different engineers], selected to represent two different 'poles' of engineering work, one being more on research and product development oriented and one more on site practice oriented. By looking at these different cases, which may represent both, what Bryman calls a unique case and an exemplifying case,[32,p.51] we hoped to be able to find different kinds of arguments regarding the role of mathematics in engineering work, as well as some that were common across contexts.
The interviews were audio-recorded and transcribed. The interview with the South African engineer was conducted in English, while the interview with the Swedish engineer was conducted in Swedish; the interview protocol was then translated into English. The interview transcripts were analysed by the researchers in collaboration.
In the semi-structured interviews,[32,p.321] the concepts of conceptual and procedural approaches were initially explained to the interviewees, using our working definitions and a few examples of items from the research instrument used with the students. To investigate the research question above, the interviews were organized by the following guiding questions:
From the point of view of your current professional activities, what is your opinion on your own mathematical schooling from your engineering education? Which approach is more relevant for the work you do (procedural or conceptual)? If you were involved in training engineers, which approach would you use? Should engineers that you would employ have conceptual or procedural skills?
For the analysis of the two interview protocols, a matrix was set up where the answers from each interviewee were organized in columns sorted by questions. By identifying content categories of responses in a column across the two interviewees, similarities and differences between their views were possible to describe for each question. A picture of the overall view of each interviewee on the procedural/conceptual issue was obtained by a two-step coding procedure, with specific codes sorted within overarching themes. We thus tried to combine basic elements from grounded theory with a narrative thematic approach to identify the overall position of the interviewee on the different issues discussed [32,p.401-404, 412]; the coding scheme is presented in Figure 1 . Although the interview was of a 'standard' semi-structured type, a narrative analysis could thus be performed of the interview transcript using a thematic approach.[32,p.412] The presentation of the interview data will, therefore, be in a narrative format, followed by a discussion of the outcome of the thematic analysis.
Interview 1 -the Swedish engineer Robert 5.1. Background
After his engineering education, which led to a master's level exam in the area of technical physics and electric engineering, Robert continued to earn a doctorate in experimental physics with a follow-up postdoc year. Since then he has been working in different management, product and business development positions for more than two decades in a big company producing advanced industry material. He has also been involved in international collaborations. Product development he found 'very exciting, you start from a blank sheet of paper and try to shape something to a product then finally'.
Summary of interview 1
To the opening interview question, How do you see your mathematical education from the perspective you have today?, Robert describes mathematics as both a language and an art, emphasizing that he has not been much involved in computational activities.
Firstly, it's a language to be learned, mathematical language, and then it it's also a little art, I mean you must have some, you have to have imagination to solve these problems sometimes, and that one can learn mechanically but some have the aptitude for this, and some may work hard on it and so. And I have not solved any differential equation ago since I started here, I can say, I have not, I'm not doing computations but I have led persons doing computation.
He refers to colleagues doing the computations for which 'they've been in their computing software'. Giving 'FEM' (finite element methods) as one mathematical method as an example of what for him seems to be how mathematics is used, he talks about 'the mathematics of it' as its procedural structure. Thus, in his 'professional life', Robert goes on:
I have not had use of, it is wrong to say that I don't have any use, it's good to have the insight but I feel that I have not used the mathematics of it He describes, however, that his mathematical education has provided him with some sense of overview and control through a basic mathematical understanding.
I think the schooling itself, this with the need to learn this language, you have to, you have to be careful otherwise it will be wrong and that part, I think that's quite useful to go through that struggle, to be organized and accurate and be able to set it up [... ] You get an understanding of, yes it is hard to say but I have not solved any differential equations since I started here. .. and no integrals either, no.
Robert thus expresses a value inherent in the mathematical training he has received during his education, even though he does not 'use it' in terms of performing calculations; it is rather the 'understanding' that he has developed that has been useful in the specific professional activities as an engineer required by the positions he has had over the years. Colleagues, he says, have done the mathematical calculations needed, using computer software.
When asked about the emphasis on procedural or conceptual aspects of mathematics during engineering education, Robert says the he believes a little on, on both parts [... ] you have to learn these, it will be a little mechanical perhaps, but I think it, it has a certain value to it too, it has a value, then I think that the other world is of course perhaps more closer to reality then.
While having some difficulties to pinpoint exactly why the procedural part of his mathematical experience is needed, Robert still hangs on to its importance even if he does not explicitly use it in his own work: I think that you can't be simply a ...a thinker who can look at a graph and see that so and so this should be related. I also think that there is a certain mechanical, I don't know why but I feel that it is of some importance, I think. So I think you should have a little of, some mix [... ] I don't believe in any of the extremes.
He also sets up an order of things, starting with learning 'the mathematical language' (as in the quotes above), so that the (conceptual) understanding has something to grow out from, eventually to be able to make own judgements:
I think, especially in the beginning, I think you need to get this schooling and learn the language, then maybe later, you move more and more into this [... ] the more understanding part there by yourself, be able to see the graphs and interpret and make your own judgments and so. Mm, maybe a bit like that.
That he adds 'maybe a bit like that' to this description indicates some uncertainty, as does the kind of excuse he puts forward by the words 'maybe it's because I'm just too traditional'.
He is very explicit in expressing his view on the role of procedural mathematics and that it is needed as a basis for doing mathematics: 'I think you need to have the foundation. ...I think it is important. ' Regarding the relevance of procedural versus conceptual mathematics for his present job, Robert continues to talk in rather general terms, acknowledging that he does not deal much with mathematics directly.
It's probably more about, creativity, and see the possibilities, the job I have today [... ] maybe a little more towards, instead of this calculating so maybe a little more to the formulation and problem-solving way, I would say. But perhaps it is far from that as well.
Despite the uncertainty expressed here, he again emphasizes that 'one must be accurate and can't be sloppy' and that 'both are important', but that the key issue is problem solving, 'in order to formulate the problems and be able to see something and structure and sort out'. It is clear that a conceptual approach, expressed through seeing structure and order, is more relevant for his own work than managing the calculations.
To the question about which kind of mathematical training, in terms of a procedural or conceptual emphasis, he would prefer his job applicants to have, he starts talking, however, about other types of competencies before coming to mathematics:
When you hire someone, as the first criterion, I think is the, first and foremost, has passed his training [... ] then I think it is important how to, how to work in a group as an individual, and then also skills of course About the mathematical aspects Robert is very clear about his preferences, with reference to how it works today when you engage in a professional task as an engineer. It is not just about 'counting' on something.
And then I think, after all, this conceptual, conceptual, it doesn't work like that now that you put somebody into a corner and then "count on this", but it's more that "this is an area, solve this task", so of course, so it ends up more about it, solve this task and formulate the problem yourself and control this yourself, I think.
What he values is independence, and for that it is necessary to be able to deal with the whole problem situation. This is something that can be prepared during the education.
And I think that if you learn to work like that with math problems, you can surely apply it to other, other problems too. Being able to sort out the problem and in a way structured attack it and solve it, I think is important.
According to Robert, this is also what you do, to some extent, in, for example, a calculation where you insert a substitution to be able to finalize it. One reason for the need of independency is that there is normally no supervision of your work as support:
Those that require one constantly, telling you to go there, go there, go there, it doesn't work, well, not today, I think, but you want to have individuals who are independent and come up with their own ideas and solutions to problems, they are the best so to speak.
In education, Robert thus suggests to stimulate independence and self-confidence, and to be able to collaborate with others on challenging problems, not sitting with 'the thumb in the answer key and looking'.
Interview 2 -the South African engineer Ben 6.1. Background
Ben qualified as a civil engineer at a major South African university with highway engineering as a specialist field, working specifically on road design, geometric design, pavements and structures. He has a long experience of engineering and is currently working with a firm of consulting engineers in a large engineering company in South Africa.
Summary of interview 2
To the opening question, From the point of view of your current professional activities, what is your opinion of your mathematics education that you obtained from your engineering degree?, Ben comments that it is 'very little used':
My applied maths was worth much more in the beginning and after 10 years in the industry it falls away, even in the good old days with very little computer ability. In road design for example, we lost it completely. We calculate coordinates, how to get from this point to that point, what is the distance between these two coordinates.
He says that the mathematics courses he took at the university were very procedural, while the work he does now is very conceptual.
The mathematics was: do this, prove this, and calculate this and that is not what we use here, well we use very little of it, especially with the software that you've got now.
In fact, he says, they do not use much of any of those types of mathematics; rather, the structural engineers 'do a lot more mathematics'.
To the question about which of the two approaches to mathematics (conceptual/ procedural) is most relevant to his current work, Ben answers shortly 'the conceptual one'. As an example, he describes how mathematics is involved in material testing:
A lot of these pavement or material tests that we do, you do a few tests and then you plot it in on a graph. You then draw a line and extrapolate it (hopefully not too far), but we fit the line through that and that's conceptual. We do not really care what the formula of this graph is, or what the numbers are. We plot it on one or two different scales and we see this is a nice curve that fits and there is the result.
He comments that this is all at the level of a technician with not very high qualifications in mathematics. It is more about understanding a graph, recognizing, for example, a parabolic curve, and being able to read off an answer without having to consider the actual calculations.
When asked about desired skills when hiring engineering graduates -very good procedural mathematical skills or very good conceptual mathematical skills -Ben finds it difficult to think in those terms in practice but that they would look for people who can think and solve the problems and find where the mathematics fit in.
I think probably conceptual, but it is not something that you can really measure. So we look for the bright boys and girls. But I will say conceptual is definitely that we need, because that is what the industry actually needs.
In discussing job opportunities for graduates with less conceptual skills but having mainly strong procedural abilities, Ben makes a distinction between what he calls 'brilliant guys' and 'bright guys':
Engineering is an extremely wide field and in my opinion I don't want the brilliant guys, I want the bright guys. I think the conceptual guys are the bright guys and the procedural guys are probably the brilliant guys and there is room for them as well.
He adds, however, that there is scope also for other categories, because 'road design is more of an art, while structural design is engineering, it is a different level'. There a more heavy mathematics is used, doing projections, transport economics and these sort of things. They count vehicles and they project vehicles in the future. It is also a different level so we can use all of them.
There is also a discussion about a possible lack of conceptual mathematics abilities in new engineering graduates coming into a company. Ben sees problems but not so much relating to mathematics per se:
I doubt whether the problems are at a mathematical level. I think it is a different level at some of the other subjects. We do mathematics for two years and that is not rocket science at that stage. So no, I don't blame the mathematics for the type of problems that we have. The whole conceptual understanding is lacking at an engineering level and not a mathematical level.
He contends that with a more conceptual exposure, they will understand a little bit more about work in the end, but that it is not the fact that mathematics is procedural at this stage that is the problem. However, if there was more conceptual work implemented, he would expect to see a difference. In the final comments, Ben is very explicit about the benefits of a more conceptual approach than the way mathematics is currently taught in engineering education, and that procedural mathematics is not really needed any more, due to the computing technology that is now available. He refers to the applied mathematics that we did at university. We did not understand a word about it, it was very difficult. But in the end it is worth a lot more than the simple integration and differentiation.
Ben thus makes a connection between conceptual mathematics and applied mathematics. He also points out that regarding the importance of procedural mathematics, the development of computing technology has made a difference.
There was a big change when I finished studying; these small programmable calculators came out [... ] and I think that is the main difference. We don't need the procedural mathematics. What we need now from these young guys is someone who understands what the answer is and to me that is conceptual. This is, according to Ben, the problem with the young graduates today -that 'they have no idea'. Such type of understanding is partly based on experience and partly on what is being taught. When working with a graph, for example, and getting a number, it is necessary to be able to judge if it is realistic or not, something Ben does not think they are taught to do.
They think that if they have done their steps then this is the answer and whether they do it mathematically on a piece of paper or on a computer they do not have a feel for the answer.
Discussion
The two engineers interviewed for this study have very different backgrounds and are working in different areas and types of engineering. Already these examples thus highlight the potential complexity in designing what could be called 'engineering education', and in particular its mathematical component. Nevertheless, a common theme clearly visible throughout both narratives was an emphasis on the need of a conceptual mathematical approach to the engineering work in which the interviewees were involved. In their practice, another common trait was that these engineers did not perform much mathematical activities in terms of actual calculations. These observations reflect the outcomes in [1] . Both Ben and Robert expressed a main concern about understanding what 'it is all about' rather than keeping track of computational details, something generally taken care of by software technology. The term 'conceptual' here seemed to be interpreted as judging graphical and numerical outcomes as realistic and viable in relation to the problem studied. While this interpretation aligns well with our working definition of having a 'conceptual approach', it also links to the notions engineering judgement and sceptical reverence. [3] Another theme present throughout Robert's narrative was the rather implicit but important role of a procedural foundation underpinning the crucial conceptual mathematical understanding. Robert was struggling to articulate this complex but fundamental relationship between procedural and conceptual knowledge, something which is mirrored in the research literature as presented above. His expression 'one must be accurate and can't be sloppy' points to a competence he may have conceptualized as stemming from procedural skills developed during the mathematical training in engineering education. These views are in sharp contrast to Ben's very explicit description of the role of procedural approaches: 'We don't need the procedural mathematics'. He also makes a clear distinction between graduates with predominantly conceptual skills as 'bright guys' and graduates with procedural skills as 'brilliant guys'. This difference in views between Ben and Robert may well be linked to the different types of engineering work in which they are involved, as well as their very different backgrounds. Even if Ben points to other areas of engineering where the 'brilliant guys' are needed, the difference has implications for engineering curriculum conceptions. Ben said that his own mathematical education was very procedural and that it is very little used, while Robert, also saying he is using very little of the mathematics he studied, still values the procedural training he went through.
Taking into account Ben's view that procedural mathematics is no more needed, computational details being secured by computers, a decrease of procedural knowledge among engineers may well develop from an over-reliance on technology. To what extent this could become a problem is still an open issue.
Both Ben and Robert seem to give priority also to other generic engineering skills than the purely mathematical (cf. [8] ), be it procedural or conceptual. Here Ben points to a more general engineering conceptual understanding, while Robert emphasizes independent work, self-confidence and judgement. The overall educational message from these engineers we interpret as a strong concern for an increased conceptual approach, not only to mathematics but to engineering education as a whole, to better balance the need from workplace engineering. This message also echoes well the voices from the other 23 engineers who were interviewed in the overall study described above. [31] Still, while the selection of the interviewees aimed to cover a wide spectrum of types of engineering work, the diversity and development of this professional field can never be 'covered' in any reasonable sense by one sample. By providing a 'thick description' [33] of the arguments put forward in relaxed conversation settings by experienced engineers from different professional contexts, we hope to have pointed to some key concerns about the issue discussed relevant to their work. However, the intricacy of the relation between the procedural and conceptual aspects of mathematical work, as it has been described in these interviews, will need a continued empirical and epistemological attention in research to better understand the role of procedural knowledge in mathematics for engineering curriculum design.
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